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BEST RATIONAL APPROXIMATIONS OF ENTIRE FUNCTIONS
WHOSE MACLAURIN SERIES COEFFICIENTS
DECREASE RAPIDLY AND SMOOTHLY
BY
A. L. LEVIN AND D. S. LUBINSKY

ABSTRACT. Let f = ¥*_,a,z’ be an entire function which satisfies
j=0%;
2 2 .
|u,,,a,1,/a,‘|<p', j=123,..,

where 0 < p < p, and p, = 0.4559... is the positive root of the equation 2}_“,’,-°=lp’z
= 1. Let r > 0 be fixed. Let W, ,, denote the rational function of type (L, M) of
best approximation to f in the uniform norm on |z| < r. We show that for any
sequence of nonnegative integers { M, }¥°_, that satisfies M, < 10L, L =1,2,3,...,
the rational approximations W, ,, converge to f throughout C as L — o0. In
particular, convergence takes place for the diagonal sequence and for the row
sequences of the Walsh array for f.

1. Introduction. As far as the authors can determine, e® is the only function for
which best rational approximations are known to overconverge throughout C. The
known results, all due to Saff [7, 8], include the following. Let r > 0 be fixed. For
each pair (m, n) of nonnegative integers, let W, denote a rational function of type
(m, n) of best approximation to the function e in the uniform normon |z| < r.

THEOREM A (7). Asm + n = oo, W, (2) = e uniformly on compact subsets of C.
THEOREM B [8]. Let ¢,,, = m!n!/((m + n)!(m + n + 1)). Then, for each fixed n,

max e’ — W, (z)|=&,,r""" (1 + 0(1)) asm — oo.

mn
|z|<r

Recently Trefethen [9], using the method of Braess [2], extended Theorem B to
non-row sequences of the Walsh array for e*.

THEOREM C [8]. For each fixed n,

- W,
lim e ”“l(z) - 1,

n m+n+1
m— 00 (—1) €mn?

uniformly on each compact subset of |z| > r.
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534 A. L. LEVIN AND D. S. LUBINSKY

The proof of Saff’s theorems, as well as the work of Trefethen and Braess, is based
on the fact that analogous results are valid for the Padé approximations to e-.

Recently one of the authors [3, 4] investigated the Padé tables of entire functions
such as

oC
(1) f(z) = Zajz»’, a,#0,j=0,1,2,...,
j=0

which satisfy

(2) |a/-_laj+1/a_f|< o2, j=1,2,...,
where
(3) P < Py,

and p, = 0.4559... is the positive root of the equation 2Zj°=lpfl = 1.

It was shown in [3] that the Padé table of f is normal, and that any sequence of
Padé approximants with numerator degrees tending to infinity converges to f
uniformly on compact subsets of C. These properties of the Padé approximants
(together with their additional properties to be established in §2) enable us to use
Saff’s argument in a modified form to prove results analogous to Theorems A, B and
C for this class of functions.

Throughout this paper we use the following notation. [ L /M ] will denote the Padé
approximant of type (L, M) for f, that is, [L/M]= P,,,/Q, . Where P,,, and
Q, s are polynomials of degree < L, M respectively, Q, ,,(0) = 1, and Q, ,,(2)f(2)
— P,y (2) = O(zE*M*1y formally. For any r > 0, W, ,,(z) will denote a rational
function of type (L, M) of best approximation to f in the uniform norm on |z| < r.
That is,

max | f(z) = Wy (2) | < max|/(z) - R(2)|

lzlsr 1=

for every rational function R of type (L, M).
We shall use ||g||, to denote max _,|g(z)| For L, M >0 we denote by
D(L/M) the determinant

a; a1 R Ly VoS
(4) D(L/M) = :

ap-m+1 qp-m+2 T a
(where a; = 0if j < 0) and we let

D((L+1)/(M+1))
D(L/M)

(5) Eim =

We now formulate our results.
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THEOREM 1. Let f be an entire function that satisfies (1)-(3). Let r > 0 be fixed.
Let W, ,, be a rational function of type (L, M) of best approximation to f in the
uniform norm on |z| < r. Then:

(1) For any sequence of nonnegative integers { M, }7T_, that satisfies M; < 10L,
L =1,2,3,..., thesequence {W,,, )T, converges to f uniformly on compact subsets
of C.

(ii) If in (2), p < 1/3, then the restriction M; < 10L can be omitted.

REMARKS. 1. The number 10 may be replaced by any positive number <
4|log pyl/log(3py) = 10.0339 . ...

2. Note that Saff’s Theorem A admits the case L = const, that is the column
sequences of the Walsh array for e° also converge to e”. For our class of functions
the analogous result is not true. Indeed, any entire function f that satisfies (1), (2) is
of order 0 and consequently (since it is not rational) has infinitely many zeroes in C.
From Hurwitz’ theorem follows that no sequence of rational functions with fixed
degree of the numerator can converge to f throughout C.

THEOREM 2. With the notation of Theorem 1 and under the restriction M; < 1.4L,
L=1,2,..., wehave

(@) lim, _ IIf - WLM,,“r/(|51,M,_|"L+M"+1) =1,

(i) im; _,  (f(2) = Wip (2D /(e 25 M) = 1,
uniformly on compact subsets of |z| > r.

REMARK. The number 1.4 may be replaced by any positive number <
2|log py|/log3 = 1.42995....

2. Estimations for Padé approximants. We first establish some simple properties of
the Maclaurin coefficients of f, which follow from condition (2). This condition can
be rewritten in either of two forms:

, j=12,3,...,
) Jj=12,3,....

(6) |aj+1/aj|< p2|aj/aj-—l
(7) |aj-1/aj|< p2|aj/aj+l

From (6) it follows by induction that

(8) la,,1/a.l< p*tlay/ayl, L=0,12,...,
and
(9) lay wir/apil< p*Ma, . /a.l, L,k=0,1,2,....

From (7) it follows that
(10) la;_,_\/a,_il<0**la,_\/a,], L=1,2,..., k=1,2,...,L—1.
If we now write

aI.+p
a

aL+p . al‘+p_l o e e e o aL+1

Aryp-1 Arep-2 a
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and estimate each factor once using (8) and once using (9), we obtain
(11) las.,/a,|< pP@ 7 Vay/ay. Lop=01.2,...,
(12) lag.,/al <P Va,/a s Lop=0,1,2,....

In a similar way, writing

aL—p _ al,—p X al.*p+l . a;_

a Ap-p+1 Qr_pi2 a

and using (10), we obtain
— 4
(13)  la,_,/a |<p?? Pla,_\/a, |, L=12,..., p=12,... L.

Finally, from (6) it follows that the sequence |a;,,/a,| is monotonically decreasing
so that |a,/a, _,| <la,/a,_,|for k > [, or

(14) lay/a,| <la,_\/a; ], k> 1.

We now turn to our first lemma, which deals with the determinant D(L/M) (see

(4))-

LEMMA 1.

()Y e " <ID(L/M) < (D) May ™, LM=12,....

REMARK. This lemma was proved in [3]. Since we shall need some ideas from the
proof in the sequel, we shall reproduce it, but use a different notation from that in
(3]

PROOF. Let

1,2
(15) §o=la,_/a |,
and let A = diag{£,,¢;,...,£"}. Let 4, = (a,_,,,)"-, and consider the ma-
trix

(16) (b,‘j)=B=ail'A_1'A‘A,
that is,

aL~i+j iy ..
(17) bi,=a—L£§, ., ij=1,...,M.

We shall show that B is a matrix with dominant diagonal, that is,

M
(18) o= max ) |b,1/1b;] < 1.
1<:<M‘/=1 ’
J#
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Indeed, for 1 < i < M, since |b

ll|

M I ijl i-1 M
/:} ii j=1 j=i+1
J#i
_ iil ap_ ., 4L (j—i)/2+ M ap_is; ar-s j—i)/2
j=11 4L ar+ j=i+1l 9L ar+1
(by (15), (17))
i—1 a;_, a,_, -p/2 M—i ar., a, p/2
- L a, | |a > a;, | |a
p=1 L L+1 p=1 L L+1
i—1 /2 M /2
< IZ pP(P=D Mp + lep(p | 4L-1%1+1 i
r=1 ai p=1 ai
(by (13), (12))
i-1 M—i
< Y p”+ Y p” (by condition (2))
p=1 p=1
& 2 o 2
<2X e <2Y of =1,

p=1 p=1

by condition (3) on p and by the definition of p,. So we have

[o¢]
(19) 0<2Y p?P <1,
p=1
and (18) is proved.
Applying an inequality of Ostrowski [5, formula 8], and noting that the above
argument shows that ©'_1|b, | < 1, we obtain,

1 M-1

M-1 M—1 i—1
(5) <11 (1‘°E|b1j|)<|de13|\ 1'[
i=1 ot

i=1

140Y |b,,|) <(3)"

Jj=

Now, the lemma follows from this inequality and from the relation (16) between B
and 4,,,. O

LEMMA 2. Let L, M be nonnegative integers andk > L + M + 1. Let

api Tt Apaym ay
(20) ALK = . . .
L+1,M+1 ...
A _M+2 Arv1 Qr-_m+1
ar-m+1 a Ai_m
Then

ldCtAL+1M+1| lak ml- |a1_+1|
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PrOOF. Multiplying the last column of 4%}, ,,,, by a,,/a,_,, we obtain the
matrix

a1 a;+m aka
k-M
) _
Ay M = a
ar_m+2 ar+ ak—M+1a
k—M
ar_m+1 " ar a1

For k = L + M + 1, this matrix coincides with 4, ,, ,,,,, the matrix whose de-
terminant is D((L + 1)/(M + 1)). For k> L+ M + 1, A%, ,,,, differs from
A, 1 m4 only in the first M elements in the last column, which are less in absolute
value than the corresponding elements of A4, , | ,,, . Indeed, by (14),

Ap—i+1 G—i | o ... < aL+M+2—il i=1.2 M
b 9 LR ] 9
Ay-m A m-1 a1
so that
a
L+1 .
i1y <lapipar-ils i=12,..., M.

Applying the transformation used in the proof of Lemma 1, with A =

diag{&, . 1,-.., M), 0 Ay 1 preq and to A, . |, we obtain the matrices

B = aiLIA—lAL+1.M+1A’ B= ailJrlA—lf‘f(Lkll,MHA-

From the proof of Lemma 1 we know that B has a dominant diagonal and that
|det B| < (3)™. But B differs from B only in the first M elements in the last column
and these are less in absolute value than the corresponding elements of B. It follows
that B is also a matrix with dominant diagonal and that det B satisfies the same
estimate: |det B| < (2)™. From this it follows that
~ M+1 M
IdetA(Lkll,M+1|<|aL+1| (3)".

Since

a .
(k) — k=M (k)
det AV} po1 = P det A7%) ) vt
L+1

the lemma follows. O

LEMMA 3. Let 7 > 0 satisfy
(21) < LY,
where &, is defined by (15). Suppose that L is sufficiently large, such that &, > 1.
Then, for any M complex numbers c,,...,c,, that satisfy max, _, . ylc | =1, we

have
M

)y

Jj=1

M
E Cial.—r+j

i=1

"> Cla, Jgg e

where C depends only on p.
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PRrROOF. We first prove that for any 7 > 0,

M |
Z Cilr_i+j

i=1

M

(22) )

Jj=1

/> 1/ max (fr‘f|A;k1
1<j.ksM

),

where A = (a;,_,,;)¥,_, and A} denotes the (j, k) element of A~'. Let ¢ denote
the row-vector (¢, ..., ¢). Since ¢ = (c4)A~", we obtain
Since max; _ , . ylc,| = 1, by assumption, (22) follows for 7 = 1.

For 7 # 1, write ¢ = (cA4,)A4;! with 4, = A4 - diag{7,7%,...,7™}, and repeat the
argument.

REMARK. Estimate (22) is another form of a result of Saff [6, Lemma 2], but the
above proof is simpler.

We now estimate |Aj‘.,(l|. As was shown in the proof of Lemma 1, the matrix

B = a;'A'AA (A = diag{£,, ..., £}")) has dominant diagonal. Hence (see Ostrow-
ski [S, formulas (12)—(14)]), the elements of B! satisfy

M

< max |47 X
1<j.ksM i=1

M [ M
2 ( Z CiaL—i+j)A]kl
i=1

J=1

M
)y Cidr—i+j

i=1

|Ck'=

1B |<o/(1-0%), jk=1,...M,

where o is defined by (18) and o < 22;‘;1;)“’2 < 1 by (19). Since the elements of 47!
are related to those of B!, by

A;b=ap'¢i7*B7l,  jk=1,...,M,
we obtain
-1, . .
|45 |< Cla, g% jk=1.....M,
where C, depends only on p. Hence,

. -1 o
max 'r'f|A/‘-,} < Cyla,| max r/E]7k
1<j.k<sM 1<j.ksM

= Cllal‘l_llm x 17/¢71 (since ¢, > 1)
<

<j<
-1 _
= Cla,| =My,

since 7/£, < 1/L < 1 by the assumption (21). Substituting the last estimate in (22),
we obtain the assertion of the lemma. O

We now establish the properties of the Padé approximants to functions f that
satisfy (1)-(3).

LEMMA 4. For each fixed r > 0, there exists a positive integer L, = L(r), such that
forL > L,and M =1,2,3,...,

(1= 2r/8)" <lQuu(2) < L+ 28" lzl<r,
where &, is defined by (15).
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PROOF. Let

M
Qu(5)= TT{1- |,
j=1 LMj
where z;,,,, j=1,..., M, are the zeros of Q,,, (if some of them lie at oo, we
replace the corresponding factor by 1). It follows from (11) in [3] that z,,,; satisfy
|z.mjl > 34, (in the notation of [3] the bound is 3(g,9,.,)"/* with ¢, = |a,_,/a |,
Jj=12,3,...). The lemma follows from this estimate since §, » oo as L — oo. O

LEMMA 5. Let f satisfy (1)-(3) and let [L/M)= P, ,,/Q;n be the L, M Padé
approximant to f. Then,
M M
2
-+,
fi-%)

PROOF. By equation (1.1) in Arms and Edrei [1, p. 8] and using our notation (20),
we obtain

A+
a

If=1L/M]ll < C-3¥a, |-

where C depends only on f.

(23) (fQrm— Py)(2) = 5‘(('_2%1‘4—) k_liM l(det A(Lkll.M+l)zk‘

So, for |z| < 1,

-1 0
- P )| S —————— det A
|(fQrm — Pru)(2)] \D(L/M)| k=L§M“l SRRy
1 (3)“ MK .
< — (5] clag| Y la,_,i (byLemma?2).
ID(L/M)| 2 T e

Estimating |D(L/M)| from below by Lemma 1 and taking into account that
Y rimarlai_ml < Cla,,,l, where C depends on f (by (8), for example), we
obtain

ar+1
ar

I(fQLM_PLM)(Z)l<C3M|al_+1|‘ R lz] < 1.

Dividing by Q, »,(z) and using Lemma 4, we obtain the required estimate. O
LEMMA 6. Let
0 <c¢ <cy=2|logpy|/log3 =1.42995....

Let €, ,, be defined by (5). Then for any sequence of nonnegative integers { M; }7_,
that satisfies M, < cL, L =1,2,3,...,

i 12 (LM 0(2)

L— oo (_I)MSLM”ZL+M,‘+1

uniformly on compact subsets of C.
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PROOF. From the formula (23) and the fact that
det 455,77 = D((L + 1)/(M + 1))
by (20), we obtain
(fQrm — Pim)(2)
(-DYD((L +1)/(M +1))z-*¥*1/D(L/M)
s 1

=1+ )

ket ims2 DAL +1)/(M + 1))

The absolute value of the sum is estimated by Lemmas 1 and 2:

(24)

K k—L-M-1
(det A%, pyi1)z :

0

M
a,_ul-la 3\ M k—L-M-1
(25) |2'< Z | k MI | L+1| (_) IZI

k=L+M+2 (%)M|aLH|M+1 2

[}

<M a s Z Ay_y .|Z|k~L—M—1
S

Ar+tlg=p+m+2! L2

a & a2+ p+1
— 3M|dL+2 p |z

api g ar+2 2]

a a, |\

<l o2 £ 1 (|z|p“+p+3- 2t eyan. @),

If M=M, <cL, we have 3?%) < (39*)L - 0 as L - oo, since 39> <1 by
choice of ¢. The term in the braces in (25) is obviously uniformly bounded on each
compact subset of C. Hence, the sum on the right-hand side of (24) tends to zero
uniformly on compact subsets of C and we obtain

(26) (fQrm — Pim)(2)
(—I)Mt:, SL+M+1
From (15) and (8), it follows that 1/¢, < Cp?l, L =1,2,3,.... Then, from Lemma

4, it follows that for M = M, < cL, @, (2) = 1 umformly on compact subsets of
C. Dividing (26) by Q, ,,(2), we obtain the assertion of the lemma. O

=1+0(1) asL—-> wcand M =M, <cL.

3. Proofs of Theorems 1,2. As was mentioned in the introduction, the properties
of the Padé table that were established in §2 enable us to adapt Saff’s arguments to
our case. However, for the sake of completeness, we shall give a fairly full proof of
Theorem 1.

PROOF OF THEOREM 1. Let f satisfy (1)-(3) and let W, ,, be a rational function of
best approximation to f in the uniform norm on |z| < r. Since condition (2) is
invariant under the transformation f(z) — f(rz), it is sufficient to consider the case
r=1.Let L, M be fixed and assume that W, ,, has a pole 1/a;,, (la;,] < 1) in
the disk |z] < 7/2 (7 > 2). Assuming L sufficiently large, we shall obtain a lower
bound for 7. Write

(27) Wim(z) = pLM(Z)/[(l - aLMz)qLM(Z)]’
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where p; ,, is a polynomial of degree < L and ¢, ,, is a polynomial of the form

M
(28) m(z)= Xzt

i=1
which is normalized so that max, _; _,/|c,| = 1. Note that then
(29) larm(2)| <M, |z| <1

By the extremal property of W, ,, we have
Win(2) =[L/M)(2) | <IWon(2) = f(2)| +1£(2) = [L/M](z)]
<2fr=lL/Mmllh. 2l <1,

where [L/M]= P;,,/Q, is the Padé approximant of type (L, M) for f. Now,
(27), (29) and the estimate from above for Q, ,, (Lemma 4) imply

|Pim(2)Qim(2) = Pra(2)(1 — amz)qm(2)]
<aM|f-[L/M],(+2/8)" Jzl <1
From this we deduce by Bernstein’s Lemma (Walsh [10, p. 77]) that
| Pia(2)Qum(2) = Ppray(2)(1 - @ m?)qrm(2)]
<ttMAM | f-[L/MTL+ 28) Y |

For L sufficiently large, |Q,,| is bounded from below on |z| < 7 by Lemma 4.
Hence,

|(1 —a;p2)qm(z) [L/M](2) —pI.M(Z)l
<TEMAM - f = (LM (4 2/8,) /00 20/8,) .
Since this inequality holds for z = 1/a, ,,, it follows that

(1 = appz) g () L/MJ(2) = pra(2) + pra(1/ap )]
< 2 X (right-hand member of (30)), lz| < 7.

N

T.

(30)

Consequently, noting that |1 — a, ,,z| > (2/7)7 — 1 = 1 for |z| < 7, we obtain
gl L/M] =m0,
M
<TOMBM | f = [L/M]) (U +2/8,) /(0 = 21/8,))

where 7, 0, (2) = [p p(2) = pra(1/a;3)]/(1 — @ 4,2) is a polynomial of degree
<L-1.

Estimating ||f — [L/M]||, by Lemma 5 and assuming that 7 < L™'¢,, we obtain,
from (31),

M M
(32) ”ql,M[L/M]—'”I.M”‘r<TI‘+MCM3M|aI.+1|'|a1.+l/aL| 1+8,)",

where §, » 0as L — oo.
We now obtain a lower bound for the left-hand member of (32). In a neighbour-
hood of 0, let

(31)

oc

(33) qLM(z)[L/M](Z)_"LM(Z)= Z dkzk'

k=0
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Since deg 7, ,, < L — 1, and taking into account (28) and the definition of [L/M],
we obtain

M
(34) d,= Y a,_,,,¢,, k=L L+1,...,L+M-1.

i=1
Now, it follows from (33) that

2
Z dyz*| |dz|

k=0

L+M-1 ) 1 L+M-1 2
> )Y ld > — Y ldg |t
M k=1L

lawl /M) = 7] > @ar)° i

lz|=71

by the Cauchy-Schwarz inequality. Hence, by (34),

L 1 L+M-1

qI‘M[M] M > m AZ
sL-1 M
Z

=1

‘Tk

M
2 i

i=

E Cilp—i+j|T
=1

(35)

pLeM-1, C |aL‘££(M—1)

> e
M
by Lemma 3 (remember that we assumed that 7 < L7'¢,). Now (32), (35) and the
definition (15) of &, yield

1> C-M73?3Ma,/a; | -la,_/a; ]

M2 Y
'lai/(al,—laL+l)| (1+8,),
provided 7 < LY a, _,/a, . ,|"/% Using (2), (8), we finally obtain,

(36) > C . min{L—Ip—2L’ M—3/2(3p)—Mp—4L(1 + SL)_M},

where C depends only on f and §, = §;,(f) > 0as L — oo.

It is easily verified that for p < { the right-hand member of (36) tends to infinity
as L —» oo and M = M, arbitrary, and that for 1 < p < p, = 0.4559... the same is
true provided M = M, satisfies M; <cL, L=1,2,..., where ¢ <c¢ =
4|log py|/log(3p,) = 10.0339.... So, the poles of Wy, tend to infinity as L — oo.
It is well known (see Walsh [10, Corollary 5, p. 234]) that this fact implies the
uniform convergence of W, ,, to f on compact subsets of C. Theorem 1 is proved.
a

12

PROOF OF THEOREM 2. Let ¢, = 1.42995... be the constant that appears in
Lemma 6. Let { M, }7_, be any sequence of integers that satisfies M, < cL,
L=1,2,..., wherec < co. Then Lemma 6 holds.

Furthermore, from (36) it follows that the poles of W, lie outside the disk
|z| < TL (T > 1). Hence, if we normalize the denominator g, M, Oof Wiy, by
q1m,(0) = 1, we obtain

llim qrm(2) =1, M, <cL,L=1,2,...,
. — 00 .
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uniformly on compact subsets of C. This fact, together with Lemma 6, enables us to
use Saff’s method of the proof of Theorems B and C without any changes, and
Theorem 2 follows. O

We also note that part (i) of Theorem 2 follows immediately from Lemma 6 and
Rouché’s theorem (cf. the proof in Trefethen [9]).

REMARKS. 1. It follows from the proof of Theorem 1, that this theorem is valid not
only for the “best” rational functions W,,, but for any sequence of rational
functions R, ,, of respective types (L, M) that satisfy for some r > 0: ||f — R, I,
< C|f = [L/M]||, (cf. the remark in Saff {7, p. 193]).

2. From the previous remark follows via the lemma of Walsh [10, p. 101], that
Theorem 1 is also true for the case of best rational approximation in the L -norm,
p>0,on|z|=r.

3. In the proof of Theorem 1 we assumed for simplicity of writing that r = 1.
With a little more effort a stronger result can be obtained, namely:

THEOREM 1'. Let f satisfy (1)—(3) and let W, ,,( f; r) denote a rational function of
type (L, M) of best approximation to f in the uniform norm on |z| < r. Let B, ,,(f; 1)
denote the pole of W, \,(f; r), nearest to the origin. Then for any sequence of indices
(M, )5_, suchthat M; <10L, L =1,2,3,..., the following holds:

ingl,B,‘ML(/;r)l — 0 asL — o0.

4. It seems likely that the constant p, is sharp in the sense that for every p; > p,
there exists an entire function which satisfies (1) and (2) with p = p, and such that
the set of poles of the functions W, ,, (f;r), M; <10L, L = 1,2,3,..., has a finite
limit point. '

Although we cannot prove this fact, we can motivate it by proving that for
p = p; > py, the sharpened version of Theorem 1 (Theorem 1°) definitely fails.
Indeed, according to a result of Walsh [11], if D(L/M) # 0 for some L, M, then as
r — 0, the poles of W, ,(f;r) tend to the poles of [L/M]. So, to contradict
Theorem 1’ it suffices to prove that for any p,, p, > p,, there exists an entire
function which satisfies (1) and (2) with p = p,, and such that some sequence
[L/M,] of its Padé approximations has a finite limit point. This was proved in [4]
even for the case M, = const.

REFERENCES

1. R. J. Arms and A. Edrei, The Padé tables and continued fractions generated by totully positive
sequences, Mathematical Essays, Dedicated to A. J. Macintyre, Ohio Univ. Press, 1970, pp. 1-21.

2. D. Braess, On the conjecture of Meinardus on rational approximation to e*. 11, J. Approx. Theory 40
(1984), 375-379.

3. D. S. Lubinsky, Padé tables of a class of entire functions, Proc. Amer. Math. Soc. 94 (1985), 399-405.

4. . Padé tables of entire functions of very slow and smooth growth, Constructive Approx. (to
appear).

5. A. Ostrowski, Note on bounds for determinants with dominant principal diagonal, Proc. Amer. Math.
Soc. 3 (1952), 26-30.



BEST RATIONAL APPROXIMATIONS OF ENTIRE FUNCTIONS 545

6. E. B. Saff, The convergence of rational functions of best approximation to the exponential function,
Trans. Amer. Math. Soc. 153 (1971), 483-493.

7. The convergence of rational functions of best approximation to the exponential function. 11,
Proc. Amer. Math. Soc. 32 (1972), 187-194.
8. , On the degree of best rational approximation to the exponential function, J. Approx. Theory 9

(1973), 97-101.
9. L. N. Trefethen, The asymptotic accuracy of rational best approximation to e on a disk, J. Approx.
Theory 40 (1984), 380-383.
10. J. L. Walsh, Interpolation and approximation by rational functions in the complex domain, 2nd ed.,
Amer. Math. Soc. Colloq. Publ., vol. 20, Amer. Math. Soc., Providence, R. 1., 1956.
11. . Padé approximations as limits of rational functions of best approximation, J. Math. Mech. 13
(1964), 305-312.

DEPARTMENT OF MATHEMATICS, EVERYMAN’s UNIVERSITY, P.O. Box 39328, TEL Aviv, ISRAEL

NATIONAL RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES OF THE CSIR, P. O. Box 395, PRETORIA
0001, REPUBLIC OF SOUTH AFRICA



